We give a general construction of triangulated categories as quotients of exact categories where the subclass of objects sent to zero is defined by a triple of functors (F, L, R). This subsumes the stable category of a module category, and the homotopy category of any abelian category. In the case when we quotient out an exact structure on an abelian category to obtain the stable category we also define a related derived category. We prove that the quotient of the bounded relative derived category by the 'perfect' complexes is equivalent as a triangulated category to the relatively stable category, generalizing a result of Rickard's.
Introduction
One of the zeniths of modular representation theory is Green's theory of vertices and sources, which gives, when properly formulated, a result about the existence of equivalences of triangulated categories. This relies on the notion that if one picks a subgroup (or collection of subgroups) of some finite group G then there is a well-understood notion of projectivity relative to that subgroup. We may form the quotient category by modding out by these relatively projective objects and this can easily be shown to yield a triangulated category. More recently Okuyama in his famous unpublished manuscript [12] generalized the notion of relative projectivity to the so-called 'with respect to a module' variety. The corresponding quotient is triangulated, as can be seen by appeal to Happel's theorem in [5] .
In this paper we show how this construction can be applied to a (potentially) much larger family of additive categories than mod(kG) to give triangulated categories (this includes the homotopy categories). All we need for this construction is a pair of additive categories and a triple of functors (F, L, R) with L and R adjoint to F satisfying some mild hypotheses. Sufficiently mild in fact that all of the well known (to an algebraist) triangulated categories that are quotients of abelian categories arise in this way, and thus we should think of the stable module category and the homotopy category as being analogues of one another.
Although we do not recover derived categories as an example of this construction in this generality, we may define a relative derived category that fits in well with our ideas. In particular if we can define the notion of a perfect complex then these fit into a relativized version of Rickard's theorem that shows the stable module category of a self-injective algebra is the quotient of its derived category by the perfect complexes.
The general existence of the triangulated quotient can be deduced quite easily, however one needs to work harder (albeit not much) to demonstrate that some of the relativized versions of statements that we are used to remain true. A good rule of thumb is that if the statement is in the usual case provable solely by lifting properties then there is a good chance its proof passes through directly. If however one must do anything else (particularly if one must take colimits) then the proof may not pass through at all. See [4] for some examples where limits do not pass through quotients.
The key ingredient in this paper is the proof of the existence of relatively projective resolutions of bounded complexes. These are quasi-isomorphic complexes, that is they have isomorphic cohomology, but chosen in such a way as the cone of the quasi-isomorphism is annihilated by F . Once we have proved these exist then many classical results follow easily.
Preliminary Results and Definitions
We start by recalling some general nonsense results about categories. In this paper we will repeatedly see the following situation, so shall standardize it at the start.
Convention 2.1. We we will use A and B to represent (to begin with) additive categories (which we shall soon take to be exact or even abelian), and F will be an additive functor from A to B.
We are going to make some hypotheses on F , namely about the existence of adjoints. Here we summarize some of the useful implications of them. Lemma 2.2. Suppose that F , A, and B are as above.
2. If F has a right adjoint R then it is right exact.
If F has both left and right adjoints and further if
A is abelian, then the counit of the adjunction ǫ : LF X → X is epic for all X iff F X = 0 implies X = 0
A is abelian, then the unit of the adjunction η : X → RF X is monic for all X iff F X = 0 implies X = 0
The only ones not well known appear to be the 'F X = 0' results. The proof runs as follows for the first case.
Proof. The 'if' direction: consider the exact sequence LF X → X → coker(ǫ) → 0 and apply the right exact F (right exact by the existence of R) and we find F coker(ǫ) = 0 hence the cokernel is zero as required. For the 'only if 'direction, note that if F X = 0 for some X, then there must be an epi from LF X = 0 to X.
Remark: it would suffice for F to be exact without necessarily having both adjoints in the second and third statements, however we will necessarily only consider the case when F is exact exactly because it has adjoints.
To see how we shall use these we recall a result of Happel [5] which we shall use to deduce that the constructions we make do indeed yield triangulated quotients. We start by recalling the definition of an exact category. • The identity morphism from X to X is always a deflation
• The composition of two deflations is a deflation.
• The composition of two inflations is an inflation
where p is a deflation can be completed to a commutative square
where q is a deflation.
• The dual diagram result for inflations holds
If A is an exact category we say that an object P is projective if the functor (P, ?) sends exact pairs to exact pairs. Dually an object I is injective if (?, I) sends exact pairs to exact pairs. We say A has enough projectives if for all X there is an exact pair Let us give three key examples. For a longer account of instances of this we refer the reader to [9] . Example 2.5 (Exact Categories and Their Stable Categories).
• Let C be the category mod(Λ) of finitely generated modules for some symmetric algebra Λ. We will provide a unified method for viewing each of these triangulated categories as occurring for essentially the same reason, namely that we can use functors to pick out a subclass of the exact pairs and a subclass of objects such that these give an exact structure with enough projectives and injectives for Happel's result to apply.
A triangulation of exact categories
We will proceed with the assumption that A is an exact category with functors F, L, and R. We further suppose that each counit ǫ X : LF X → X is a deflation, and each unit η X : X → RF X is an inflation. If we were to think in terms of abelian categories instead then deflation should be replaced by epimorphism and inflation by monomorphism.
Since we are evidently trying to emulate the notion of projective cover, i.e. given some object in A we want to assign a projective object with some suitable universality property and an epic map, and we have introduced a natural candidate for this map (LF X → X) we need to check its universality property for a suitable class of projective objects. We recall a well known result (for example see [11] ). Lemma 3.1. Given the counit of any adjunction ǫ X : LF X → X and any map from β : LY → X for an Y in B, then it factors as β = ǫ X α for α ∈ (LY, LF X).
Thus we have a naturally occurring class of projectives.
Definition 3.2. Given functors and categories as above, we will define the Fprojective objects to be the thick subcategory of all direct summands of the image of L
Given some X in A the canonical F -projective cover is the deflation ǫ X : LF X → X. Dually we use R and the unit η to define F -injective objects/covers.
In order to apply Happel's result we shall need a subclass of the exact pairs of A with the correct definition of projective. Namely, for some projective object P we need to pick out the subclass of triangles such that
is exact whenever
is an exact pair in our subclass. We may suppose that P is actually LX for some X in B since we are passing to summands. We use the fact that F is right adjoint to L to see that we require
always to be an exact sequence. Barring certain trivial (homologically at least) exceptions (e. g. B is semisimple) then this will not be true for arbitrary X unless
is split. This leads us to conclude that the correct definition is: 
Proof. Taking the axioms in order
• By hypothesis, since ∆ is a subclass of the initial exact structure on A, each inflation is a kernel of the deflation, etc.
• Trivially 0 → F X → F X is split so the identity morphism is in ∆.
• If p and q are two deflations that are split epi on applying F then F qp = F qF p is trivially a split epi.
• The dual result is true for inflations.
• For p : Y → Z an F -split deflation, and any morphism W → Z we can form the pull-back diagram since A is exact and we obtain
for some deflation q. If we apply F then obtain another pull-back diagram for F p since F is exact. Since F p is split, so is F q.
• The dual push-out argument holds.
To summarize, we have the following theorem And we also record the abelianized version. 
Transfer and the Homotopy Category
From our point of view stable categories and homotopy categories are essentially a manifestation of the same phenomenon. It should therefore be possible to translate results from one arena into another. We shall show how this works for the transfer map from representation theory of finite groups. Suppose that H ≤ G are finite groups, then there is a map called the transfer. This map encodes much of the information about relative H-projectivity, in particular its image is the set of relatively projective maps, and M is a relatively H-projective module if and only if the identity is in the image of Tr G H (the Higman Criterion). In [3] Carlson, Peng and Wheeler extend this map to the relatively w-projective case, and prove similar results. That paper was one of the main inspirations for this work. In their paper, the transfer map is defined as the composite
where the last map is given by (1 m ⊗ η) * , where η is the evaluation map or counit of the adjunction. This is, therefore, an obstruction to a completely general notion of transfer. To define our projective/injective objects we merely required that the adjoints to F generate the same class of summands. The transfer map we've given here uses the stronger condition that L ∼ = R, for we use the right adjoint in the middle arrow of the composition, followed by the counit in the final arrow. If we make the extra hypothesis that L ∼ = R then one could copy the transfer map construction, and it is not hard to see that the image of the transfer map is the set of F -projective maps. However, we shall examine the homotopy category case where one can 'correct' the problem using the shift functor without any further assumptions.
Suppose that A is the category of chain complexes over some abelian category, and that F is the forgetful functor to the category of Z graded objects with adjoints L and R as given in the last section. Recall that if Y is a cochain complex then
. It is a matter of elementary bookkeeping to show that the composition
This leads us to the following notion: given X and Y cochain complexes, define the transfer map from (F X, F Y [−1]) to (X, Y ) as the composite
which takes degree zero maps of graded objects to chain maps. The image of Tr(s) for s a degree zero map of graded objects F X → F Y [−1] is then sd + ds which is an element of the set of maps homotopic to zero, and further, if g is homotopic to zero, then g = sd + ds for some s a degree 1 map of graded objects from F X to F Y or equivalently a degree 0 map of graded objects from F X to F Y [−1], and it is in the image of the transfer map.
Basic Structure of D F
Suppose for the rest of the article that A and B are abelian. The derived category of A, when it exists, is the localization of K(A) the homotopy category with the localizing class given by the acyclic complexes. We can construct a variant of the derived category that we label D F . We will localize with respect to a multiplicative system. We will also prove the analogues of well known results that show bounded derived categories are equivalent to homotopy categories of bounded complexes of projectives. As is traditional when we talk about complexes we will mean cochain complexes: differentials raise degree.
We continue with the assumption that F is faithful functor with left and right adjoints L and R, and A F is the the corresponding (relatively) stable category arising from the exact category (A, ∆). In particular, if we refer to projective objects we mean the F -projective objects, similarly for injective objects.
F is exact and thus gives a functor from K(A) the (unbounded homotopy category) of A to K(B). Let L be the kernel of F on K(A), these are the acyclic complexes that split on applying F . This is certainly a localizing subcategory and multiplicative from an observation in [10] [Proposition 2.5.1] since it is also a null system as it is the kernel of a functor. Remark: we shall prove these bounded categories are full subcategories of D F though they are not isomorphic to objects with zero cohomology in sufficiently high (or low, or both) degrees since it is possible for a complex to be acyclic yet not zero in D F . However these choices, allied to some careful bookkeeping allows us to prove most of the results we think of as natural.
In order to do anything though, we need to know when we may replace arbitrary complexes with complexes of F -projective and when we may not.
Definition 5.2. A projective resolution of a cochain complex X is a complex whose terms are projective, with a map of complexes in the category of complexes p : P → X such that the cone of p is zero in D F .
In general the best we can do is to show that bounded above complexes have a projective resolution. Obviously in special cases we can resolve all complexes, and if we were to impose some further categorical conditions on A then we could perform some Bousfield localization argument. Without such restrictions we can prove: Theorem 5.3. Let X be a bounded above complex in K(A). Then X has a projective resolution.
Proof. We construct the complex P explicitly.
Let X be a bounded above complex, then we may assume X to be zero in positive degrees. Set P i to be zero for i positive, and P 0 be the canonical F -projective cover of X 0 . We define, inductively, the rest of the complex P : suppose we have defined P n , and its maps, then consider the diagram:
) and then define P n to be the canonical F -projective cover of Q:
We claim that P → X is an isomorphism on cohomology. If we momentarily grant ourselves this assumption, consider applying the functor Hom A (Y, ?) for some projective Y in A to obtain another map of complexes Hom A (Y, P ) → Hom A (Y, X). Since we chose everything carefully, this is also an isomorphism on cohomology since the functor Hom A (Y, ?) sends F -split short exact sequences to short exact sequences, and thus the complex Hom A (Y, cone(p)) is acyclic for any projective object Y in A. This implies that Hom B (Z, F cone(p)) is acyclic for any Z in B and that cone(p) is therefore split acyclic as required.
Thus we need only prove it is an homologism. ker
2. p is epic (on cohomology): let [x] be in H n (X), then there is an element in the pull-back (x, 0) mapping to x in X n , and 0 in P n+1 , and thus there is some y ∈ P n mapping to x ∈ X n and 0 ∈ P n+1 , ie y ∈ ker(d n P ), so p is an epimorphism.
Naturally the dual statements about injective resolutions hold. Let us recall some basic descriptions of maps in localizations. We may visualize maps in the derived category as roofs. A fraction
where s and f are maps in the homotopy category,and cone(s) is F -split acyclic. It is equivalent to the fraction t −1 g iff there is a commuting diagram
and where the cone of the map u : Y → Z ′ is F -split. A special case of this that we will need later is when Y is a (bounded) complex of injective objects, or X a complex of projectives.
We will proceed by proving a series of straight forward results about maps in various D * F that mimic those that we are used to in the usual case. Lemma 5.4. Suppose that P is a complex of relatively projective objects that is concentrated only in one degree, and that S is an F -split acyclic complex, then
Proof. It suffices to show this when P is LN for some object N of B thought of as a complex concentrated in degree zero. In this case
since F S is a split exact sequence.
Lemma 5.5. Let P be a bounded cochain complex and let S be an F -split acyclic complex. If P i is projective for all i, then
Proof. The class of objects for which this is true contains complexes of projectives concentrated in one degree, and is closed under taking mapping cones, and hence contains all bounded complexes of projectives.
Lemma 5.6. Let P be a bounded above complex of projective objects and suppose that f : P → Y is a cochain map such that cone(f ) is an F -split acyclic complex, then f is a split surjection.
Proof. The proof of [15] Lemma 10.4.6 is easily adapted to this situation: it is a formal consequence of lifting properties.
It is then not surprising that we also have . Let P be a bounded above cochain complex of projective objects, and X any cochain complex, then
Proof. Again, the proof of [15] passes through.
Naturally, it is too much to expect this to carry on, and we actually need the projective resolutions that we obtained to prove the obvious analogue of [15] Theorem 10.4.8. F is equivalent to the quotient category obtained by declaring the F -split acyclic objects of K − (P (F )) to be zero. However, the only cochain complex in this set of objects is the zero complex, hence
Remark: the dual statements about injective objects have the corresponding dual proofs. 
Proof.
Without loss of generality we may suppose that N lies only in negative degree so that
) the image of the differential in degree 0 of M , andM i ∼ = 0 for i > 2, and then g is the inclusion ofM into M andf is the composite gf . If we examine cone(f ) then it becomes clear that these objects satisfy the conditions of the theorem:
which we know to be F split acyclic, and in particular we can decompose F (cone(f )) into the direct sum of two split acyclics
the former of these is exactly cone(f ) and the second shows cone(g) to be F split exact and we see all the requirements of the theorem are met.
This immediately gives T  T  T  T  T  T  T  T  T  T  T  T  T  T  T  T  T  T  T  T  TM f u u j j j j j j j j j j j j j j j j j j j j j F has the stable category as a quotient, we should discuss the triangulated structure of D F , or more precisely we should describe the triangles. We know that in the usual derived category the distinguished triangles arise from short exact sequences of cochain complexes, that is to say, if
is a short exact sequence of complexes, then there is a triangle in the derived category (but not necessarily the homotopy category)
The natural generalization of this is Proposition 7.1. If there is a short exact sequence of complexes
Proof. We know that there is a diagram of maps of complexes
and that φ is a quasi-isomorphism. We need only show that cone(φ) is F -split, as it then becomes an isomorphism in D F .
But F f and F g are split maps, let the splitting maps be f ′ and g ′ respectively then
as f ′ is a chain map (commutes with differentials).
The Stable Category as a Quotient
We are now in a position to prove a version of [13] . The proof, now we know we have the existence of projective resolutions, is essentially the same as that given by Rickard. We include it for completeness. 
Proof. The natural inclusion of A sends relatively projective objects to zero in the quotient, hence factors through the stable category, inducing S.
Recall that a distinguished triangle in the stable category is equivalent to an F -split short exact sequence, which gives under the inclusion, an F -split short exact sequence of cochain complexes, and hence a triangle in D F , so S is a triangulated functor.
We must show S is full. A map X → Y in the quotient category D with arrows morphisms in D F and P a bounded complex of F -projectives. If X and Z are complexes concentrated in degree zero we will show that the map X → P is zero in D F and thus that there is a map in D F from X to Z. Since we know we have relatively projective resolutions for these objects, we may replace all the objects with bounded above complexes of projectives and maps in the homotopy category. Thus we may take Y to be a complex of projective objects in negative degrees, and hence P can be taken to lie in strictly negative degree. Thus there are no maps from X to P and there is a map in homotopy category between the projective resolutions of X and Y . Clearly, then, S is full. Equally, it follows that a complex in concentrated in degree zero is isomorphic to an object of K(P) if and only if the degree zero term is relatively projective.
By a general nonsense argument about triangulated functors, this shows S is faithful: suppose that Sf = 0, and consider the distinguished triangle
Applying S to this triangle we obtain (one isomorphic to)
since Sf = 0. Let h ′ be the splitting map
such that h ′ Sg = Id SY . Since S is full, there is an h such that h ′ = Sh, ie Shg = Id SY . Consider the triangle
If we apply S to this, then SV must vanish. Hence V is isomorphic to zero, and hg is an isomorphism. We conclude that g is a split monomorphism, and f must be zero, as we were required to show. All that remains to show is that S is surjective on (isomorphism classes of) objects. From the existence of relatively projective resolutions, every element of D b F can be chosen to be a complex of relatively projective objects, P := P * with P i zero for all i > U for some U , and acyclic in degrees lower than L for some L. If we just consider the truncation of P to terms lying only in degrees less than L, call this P ′ , then the natural map P → P ′ is an isomorphism in the quotient as its mapping cone is a bounded complex of projectives. Furthermore P ′ is isomorphic in the quotient to the relatively projective resolution of Ω −L F (Z L ) (the cocycles in degree L) concentrated in degree zero.
